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Linear extension of the Robinson-Schensted algorithm
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The Robinson-Schensted (RS) algorithm demonstrates a bijection between the set of magnetic configura-
tions f and the set of pairs of tableaux: a semistandard Weyl tabfgy) accompanied by a standard
Young tableawQ(f). We show that it is not only a bijection between sets, but it can be extended to a linear
unitary transformation within the space of all quantum states of the magnet.

Copyright line will be provided by the publisher

1 Introduction

In purely combinatorial manner the RS algorithm [1, 2, 3] associates eachfinordn alphabe with a
pair (P(f),Q(f)) of standard Weyl and Young tableaux [4]. This helps us to find the maximal lengths of
nondecreasing (and decreasing) subwords of the widandthe following manner: the maximal length of
a nondecreasing subword ffis equal to the length of the top row &f( f) (or Q(f) because these tables
have the same shape), similarly, the maximal length of a decreasing subwbisl @fual to the height of
the first column ofP(f) (or Q(f)) [5, 6].

In our article we want to show an immediate relation betweemtBelgorithm and the description of
the kinematics of the linear Heisenberg magnetic ring. We will present the quantum relationship between
two objects: a magnetic configuration of the ring, andits image(P(f), Q(f)). We will demonstrate
that for the reason of the linear structure of the sgddéhe space of all gquantum states of the magnet) this
relationship is not purely combinatorial but linear. Clearly, the RS algorithm itself defines only a bijective
mapping between the two combinatorial sets. In the context of the Heisenberg chain, these two sets have
an obvious interpretation of two different orthonormal bases in the spackall quantum states of the
magnet. This fact stimulates us to extend this algorithm to the siadnelinearity along the general lines
described elsewhere [7, 8]. Here we demonstrate explicitly the construction of a wave packet corresponding
to the linear version of the RS bijection.

Let's introduce some preliminary facts about Heisenberg magnet, for more detail see [7]. A magnetic
configuration of the one-dimensional Heisenberg ring with spgthe mapping

f:N+—n 1)

whereN = {j = 1,2,..., N} - the set of all nodes of the magnét= {i = 1,2,...,n}, n=2s+1-the
set of a single node spin projections. It can be written in a form

|f>:|i1a7:27-'~7i1\/ >, Z.j 6772,, ]EN (2)

We may treat such a configuration as a word of the ledgtim the alphabet of spins. We denote &Y
the set of all magnetic configurations.

In the next section we describe the duality of Weyl as a physical counterpart of the RS image of a
magnetic configuration. Then we construct the corresponding wave packet, illustrate it by an example, and
make some final conclusions.
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2 The basis of duality of Weyl

The tableauX P(f), Q(f)) appear in description of the Heisenberg magnet as the labels of the irreducible
basis of the Weyl duality. More explicitly, the space of all quantum states of the magnet is

H = lec AV, 3)

wherelce 7N denotes the linear closure of the $&t of all magnetic configurations over the fieltlof
complex numbers. In this space act two groups, symmetric and unitary:

A: YNy xH—H, BU(’HJ)XH%H 4)

In this way, we get reducible representations in the basis of all magnetic configurations. These two actions
mutually commute, it means that appropriate quantities related to both operators "can be measured simul-
taneously”. A maximal system of such commuting observables is realized in an irreducible basis in the
spaceH, adopted to the symmetry of both dual groups. So, we need to construct a basis consisting of the
vectors which have a specific symmetry of symmetric and unitary groups.

From the theory of representations we know that partitions of the nunitb@bel the irreps (irreducible
representationsh* of the symmetric grouft ;y and, at the same time, the irrep3 of the unitary group
U(n). Consider decomposition of these dual actions into irreps:

A= > mANAN  B= > m(B\ D, (5)

AFN A <n AN A <n
on the strength of the Weyl duality [9] we can write:
m(A,\) =dimD*,  m(B,\) = dimA*, (6)

what means that the multiplicity of an irrep* of the symmetric group in the representatidis equal to
the dimension of irre@* of the unitary group, and the multiplicity of an irrdp* of the unitary group in
the representatiof is equal to dimension of irrepa* of the symmetric group, the symbpl| denotes
the number of parts of the partition Egs. (5,6) give the decomposition of the spateto sectors:

H= > eH, andH*=U eV (7)
AFN A <n

whereU* and V* are carrier spaces fab* and A*, respectively. We take the s&¥T'(\, ) of all
semistandard Young tableaux of the shaga the alphabef; as a standard basis fo*, and refer to its
elements as to Weyl tableaux. Similarly, we take the®6f’(\) of all standard Young tableaux in the
alphabetN as a standard basis f&f*. Thus, the vectors of the basis of the Weyl duality have a form
[At, y) where)\ - a partition which labels the irreps &fx andU(n), ¢ - a Weyl tableauy - a Young
tableau.

The RS combinatorial algorithm mentioned at the beginning of this article, provides a way of labelling
of the irreducible scheme of the Weyl duality, by magnetic configuratférsa” in combinatorial unique
way, prescribing to each vectpxty) a magnetic configuratiofi’ by the reverse RS algorithm. But each
state|\ t y) should have a specified symmetry. So, it is now obvious, that each irreduciblé)stabeis
a definite linear superposition of a number of magnetic configuration. In other words we are looking for a
wave packet of the specified symmetry, given by a faiy) of tableaux.

3 Linear version of the RS algorithm

Under the action of the groupy the setiV of all magnetic configurations decomposes into orblfs
wherey denotes the weight of magnetic configuration. Such an orbit carries the transitive representation
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R¥~3" 'whereX* is the Young subgroug* = Y, x X, x...x X, . This transitive representation
decomposes into irreps &fy:

RPN = NCR, AN (8)
ADp

The basis elements of this representation are of the fapm y), these are the same basic vectors as those

of the duality of Weyl but restricted to an orlgit,, what is indicated by the additional quantum numper
Elements of this basis can be expressed as a linear combination of some magnetic configuration from the
orbit 0,

RS S I I} ©

feo, y

where coefficients of this expansion (Kostka matrices at the level of bases [7]) are very closely related to
the RS algorithm, and have form

AR ol b 7 S N el 7 el R0 Pl r P

where the sum runs over appropriate labels of intermediate representations. The coefficient

Alj-1 {1} Al
{tl..fl G t } (11)

is defined unambiguously by reverse RS algorithm at the stepg andN — j — 1. ¢;__; is the remaining
Weyl tableau at thg-th step of reverse algorithm; _;_; its shape, whereas; ;_; is the remaining
Weyl tableau at theV — j — 1-th step,\,._;_: its shape, andf(j) is the j-th letter of the configuration
[ € O, [8]. Let’s point out, that a pair of tableauiy) arose from a configuratioff, not necessarily equal
to f. |f') has meaning as the word on the alphabethereag f) physically denotes a product of single

node states of the Heisenberg magnet. The coeffi %nt;‘ t gives the amplitude of the product state

[F(1) f(2)...f(N))inthe statdu At y) = |[RS(f)) of the duality of Weyl. The intermediate coefficient
(112) corresponds to the Littlewood-Richardson decomposition:

D)\l...j—l ®D{1} — Z o) D)‘l---j (12)
A1

for the unitary grougd/(n). And because in this decomposition we can add a box to the diagram

only in places admissible by standardness, thus we don’t need any repetition labels. In the case of the
Heisenberg model with the single node spia= 1/2 (model revealSU (2) symmetry) the intermediate
coefficients (11) reduces to the Clebsch-Gordan coefficients for angular momentum theory. In this case (9)
reads

lAty) :Z |:j1 J2 J12 } ) {ju J3 Ji23 :|.”|:j12...N N J ) (13)

mi M2 Mi2 miz2 M3 Mi23 mi2. N mn M
fem

where angular momentum ;. is determined by irrep\; ., and projection of angular momentumy _ 5
by Weyl tableau; 1, k = 1...N. For the Heisenberg magnet with single node spin 1/2, a way of
calculating the coefficients (11), one can find in the work of Louck [10].
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A {4} {31} {2%}
+|+]-] +|+
R el el el I R el —|=
113]4] [1]2]4] [1]2]3] 1]2 1[3
y [112[3[4] | [2] 3] 4] 34 24
f f " ++— | —-4++- +—+— +——+ | ——++ —+—+
e NG " T Ve | Vo
=+ +-) ﬁ —3 - 2&3) \/1(6) _2ﬁ3) —3
[+ =+-) ﬁ 2 - 2&3) \/1(6) B 2&3) 2
[+==+) ﬁ 2 2&3) B \[1(6) 2 1(3) —3
==+ NG C T Ve | 0
[=+=+) ﬁ —2 2&3) N \/1(6) 72&3) 2

Table 1 Kostka matrix at a level of bases fof = 4, n =2, u= {27}

4 Example

Tab.1 presents the Kostka matrix at the level of basedVfer 4, n = 2, p = {22} . The columns are
labelled by the irreducible basis of the Weyl duality, rows by the magnetic configurations.

5 Conclusions

This algorithm plays two roles in the context of the Heisenberg magnet. Firstly, it serves for labelling the
irreducible basis of the Weyl duality, so thatty) = |RS(Sf’)). Secondly, it provides a complete infor-
mation for construction ofA¢y) in terms of magnetic configuratiofy, or, more shortly, for evaluation

of elements(f|RS(f’)) of the Kostka matrix at the level of bases. We stress at this point that magnetic
configurationsf and f’ involved in these two roles have conceptually different quantum interpretations.
We also record an interesting result that the diagonal coupling coefficiéRIS(f)) is a product of ap-
propriate Wigner-Clebsch-Gordan coefficients, without any summation over intermediate basis, and with
no repetition labels.
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